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	PART  1: Comments



	
	Reviewer’s comment
	Author’s Feedback (Please correct the manuscript and highlight that part in the manuscript. It is mandatory that authors should write his/her feedback here)

	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript is important for the scientific community as it contributes to the growing body of research in cooperative game theory by introducing and exploring the monotonicity of the Rank-Shapley value. It addresses a critical gap in understanding how rank-based weight systems influence the allocation of payoffs within transferable utility games, a topic with significant implications for equitable resource distribution.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	The title of the article, "On the Monotonicity of Rank-Shapley Value for Super-Additive Games," is suitable but can be improved for greater clarity and impact. Here's an evaluation:
Accessibility:

The title may appear overly technical to non-specialists. Simplifying or rephrasing it might make the paper more approachable without losing accuracy.

Emphasizing the introduction of rank as a weighting mechanism in the Shapley value could make the title more compelling.
Suggested Titles:

"Monotonicity Analysis of the Rank-Shapley Value in Super-Additive Games"

"Impact of Rank-Based Weight Adjustments on the Shapley Value in Super-Additive Cooperative Games"

"The Monotonicity of Rank-Weighted Shapley Value: Insights from Super-Additive Games"
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract of the article provides a reasonable overview of the topic, including its focus on the monotonicity of the Rank-Shapley value and its application to super-additive games. However, there are areas where it could be improved for clarity and completeness.

· Clarity: Some sentences are vague, making it harder for readers to understand the scope of the research.

· Results: It lacks specificity about the findings, such as key results like Theorem 1 or their broader implications.

· Practical Applications: There’s no mention of potential applications or why the findings are significant for the field.
Suggestions for Improvement:
1. Clearly State the Motivation:

·  Add 1-2 sentences highlighting why analyzing rank monotonicity is important. For example:

· "Understanding the monotonicity of value functions is crucial in ensuring fair and efficient resource allocation in cooperative systems."
2. Explicitly Highlight Key Results:

· Include specific achievements of the study, such as:

· "The analysis demonstrates that equal rank adjustments lead to zero-sum payoff changes, preserving Pareto-optimality and efficiency."

3. Mention Practical Implications:

· Suggest applications in areas such as voting systems, decision-making, or economic resource allocations:

· "The findings are particularly relevant for designing fair allocation mechanisms in decision-making and resource-sharing problems."
4. Rephrase for Simplicity:

· Rewrite some overly technical or complex sentences to improve accessibility, particularly for readers unfamiliar with the topic.

	

	Is the manuscript scientifically, correct? Please write here.
	Based on the mathematical framework and arguments presented in the manuscript, the work appears scientifically correct in the context of cooperative game theory and monotonicity analysis. The mathematical derivations, including definitions, notations, and theorems, follow established conventions in the field. However, several aspects need closer examination to confirm the rigor and comprehensiveness of the findings.
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	
	

	Is the language/English quality of the article suitable for scholarly communications?


	The references listed in the manuscript are mostly relevant and foundational to the topic. They include key contributions to cooperative game theory, such as the works of Shapley (1953), Kalai and Samet (1988), and Megiddo (1974). However, there are areas where the references could be updated or expanded for a more comprehensive literature base.
Recency:

While the manuscript cites papers up to 2021, the majority of references are from decades earlier. This gives the impression of a lack of engagement with the most recent advancements.

Suggestion: Search for recent papers (2020–2025) in journals like Games and Economic Behaviour or International Journal of Game Theory for updated insights into monotonicity or rank-based systems.
Limited Scope:

References focus heavily on theoretical developments. Broader interdisciplinary references, such as applications in economics or operational research, are absent.

Suggestion: Include papers that apply cooperative game theory concepts to real-world problems (e.g., resource allocation, voting systems, or network games).
Missing Key Works:

Notable recent studies on weighted cooperative games or extensions of the Shapley value, especially concerning monotonicity or practical applications, are not cited.
Suggested References:

· Chalkiadakis, G., Elkind, E., & Wooldridge, M. (2011). "Computational aspects of cooperative game theory." AI Magazine. A strong reference for computational considerations in cooperative games.

· Deng, X., & Papadimitriou, C. H. (1994). "On the complexity of cooperative solution concepts." Mathematics of Operations Research. A foundational work on solution concepts that discusses computational challenges.

· Drèze, J., & Greenberg, J. (1980). "Hedonic coalitions: Optimality and stability." Econometrica. This connects coalition theory with economic applications.
	

	Optional/General comments


	1. Clarity of Presentation:

· The introduction mixes different concepts (equity, rank, monotonicity) without a clear progression, which may confuse readers new to the topic.

· Some equations, such as the recursive calculations for changes in payoffs, lack an intuitive explanation or graphical representation for easier interpretation.
2. Lack of Conceptual Clarity in Introduction

· Observation: Concepts such as monotonicity, equity, and rank changes are interwoven without clear distinction or introductory motivation.

· Suggestion: Begin with a concrete real-world analogy to explain rank-sensitive allocations and their potential importance, easing readers into the technical content.
3. Theoretical Scope and Assumptions

· Observation: The focus is strictly on transferable utility (TU) games, and the applicability to non-transferable utility (NTU) scenarios is missing.

· Suggestion: Address broader game types or explicitly mention this limitation. Highlight how the rank-based approach might interact differently under NTU conditions.

4. Methodological Constraints:

· The discussion primarily focuses on transferable utility (TU) games. A comparative analysis with non-transferable utility (NTU) games or other game forms is absent.

· Sensitivity analysis for scenarios with larger coalitions is theoretically derived but not demonstrated computationally or empirically.
5. Practical Examples and Applications

· Observation: The single game example with three players is narrow, limiting the paper's practical implications.

· Suggestion: Include:

· Case studies (e.g., decision-making in resource allocation or voting).

· Larger coalitions to demonstrate scalability of the Rank-Shapley value.

· Implications in multi-stakeholder negotiations or decentralized systems.

6. Visual and Numerical Aids

· Observation: Despite the mathematical rigor, the presentation lacks visualization (graphs, comparative tables, etc.) to simplify results for readers.

· Suggestion: Use:

· Plots showing sensitivity of payoffs against rank increments.

· A side-by-side comparison of different weighted Shapley values.

· Diagrams illustrating coalition structures.

7. Error Sensitivity and Uncertainty

· Observation: Errors in rank assignment and their propagation through payoffs are not explored.

· Suggestion: Add a section on:

· Error bounds in player ranks and impact on efficiency or Pareto-optimality.

· Methods to reduce computational or rank assignment errors.

8. Language and Style

· Observation: The paper contains typographical errors and unclear phrases (e.g., "influences" instead of "influence"; "compliments" instead of "complements").

· Suggestion: Proofread and rewrite ambiguous parts for clarity and grammatical accuracy. Employ professional formatting to enhance readability.

9. Discussion of Results and Future Directions

· Observation: The discussion lacks engagement with broader theoretical frameworks or alternative approaches to weight-based cooperative games.

· Suggestion: Incorporate a broader discussion on:

· Relationship to other weighted Shapley values.

· Open research questions (e.g., dynamic rank changes, game implementations).

· Potential applications in evolving economic, political, or social systems.

10. Further Implications:

· The work does not delve into how errors in rank assignments (e.g., biases in rank calculations or approximations) affect the efficiency of the Rank-Shapley value.

11. Incomplete Explanation of Symbols and Notation

· Observation: Certain variables and expressions (e.g., Hv(θ), πθ ​, and rank-based transformations) are not adequately explained within their context.

· Suggestion: Include a comprehensive notation table early in the paper to define symbols and improve readability.

12. Assumptions and Boundary Conditions

· Observation:

· It assumes α>0 as the only valid rank increment but does not discuss the theoretical implications if ranks are reduced below certain thresholds.

· Assumes integer ranks, yet practical cooperative games might involve fractional or weighted rank systems.

· Suggestion:

· Extend the analysis to fractional or continuous rank adjustments.

· Include boundary analysis for α=0 or when rank ri ​ approaches zero (minimum value).

13. Lack of Generalized Coalition Structures

· Observation: The analysis focuses heavily on specific scenarios (e.g., N=2,3), limiting insights for larger games or complex coalition formations.

· Suggestion:

· Demonstrate results for general coalition sizes or broader coalition worth distributions.

· Provide examples using randomized v(θ) to show robustness under varied conditions.

14. Potential Gaps in Proofs

· Observation: While the paper proves Theorem 1's main result, the intermediary steps involving approximations for α→∞ are left vague.

· Suggestion:

· For equation (2.5), rigorously justify the limiting behavior [image: image1.png]rita
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· Provide additional intermediate derivations for [image: image2.png]Zj;i W;r (a)



, which seem compressed in the text.

15. Numerical Examples

· Observation: The numerical example provided (Table 1) demonstrates the theoretical result but uses arbitrary values for ranks and coalition worth.

· Suggestion:

· Implement the model for larger N>3 scenarios.

· Show exact numerical changes under varying α increments to validate trends.

· Visualize numerical differences through graphs (e.g., sensitivity of ηj+(α) against α).

16. Extension to Weighted Systems

· Observation: The model focuses solely on rank-weighted systems, disregarding interactions with other common weight factors (e.g., proportional, egalitarian).

· Suggestion:

· Examine hybrid weight systems combining ranks with proportional allocations.

· Analyze how rank errors propagate and impact efficiency.
17. Mathematical Improvements

· Expand Proofs:

· Include a step-by-step demonstration for equations where jumps or approximations are used (e.g., derivation for ci+(α) and ηj−(α).

· Add Generalizations:

· Prove Theorem 1 for variable coalition sizes N and non-uniform Hv(θ).

· Algorithmic Framework:

· Formalize the method to compute α>0 ensuring desired changes λi highlighting convergence conditions.

· Highlight Computational Aspects:

· Discuss computational feasibility for games with N≫3 and large coalitions (∣θ∣≫1).

· Provide code or pseudocode for calculating the Rank-Shapley value under dynamic rank adjustments.
No, there is no ethical issues in this manuscript.
No, there are not competing interest issues in this manuscript.
Based on the information available, there is no reason to suspect plagiarism in this manuscript.
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