
INDICES OF LINE GRAPH OF R(G)

Abstract. The field of graph theory facilitates in the study of chemical, phys-
ical, and biological characteristics of chemical substances. The properties and
reactivity of chemical compounds can be predicted by examining the graph of
chemical structure and its topological indices. Topological index of graph is a
powerful tool for sidestepping costly and tedious experiments which should be
done in Laboratory. More than 140 topological indices have been defined so
far and more studies are still going on in this area. In this study, we compute
a few topological indices of line graphs of triangular graphs of specific families
of graphs.

Let G = (V , E) be a graph with node set V and arc set E . The number of nodes
in G is denoted by |V| = η and the number of arcs in G is denoted by |E| = ζ.
The degree of the node x ∈ V is denoted by κx, is the number of arcs incident on
x.The arc connecting the nodes x and y is denoted by e = xy, where e ∈ E .

The Triangle graph R(G) is obtained from G by adding one node corresponding
to each arc and is joined to the end nodes of the corresponding arc.
Line graph L(G) is obtained from G by taking the arcs of G as the nodes and is
joined by an arc in L(G) if they have common node in G.

The numerical value that results from a mathematical analysis of a graph is
called a topological index.The properties and activities of chemical substances
can be predicted with the use of this mathematical research. Finding the topo-
logical indices is a crucial field of study. There are three categories for topological
indices: degree-based, distance-based, combination of degree-and distance-based,
and counting-related topological indices. Degree-based topological indices are
among these indicators that are crucial for predicting the characteristics and
actions of chemical substances. Known topological indices include the oldest, Za-
greb indices, the most recent Gourava indices, Randic´ index, Atom bond index,
Harmonic index, Sum connectivity index, and Sombor index.

In this paper, we calculated certain topological indices of line graph of triangle
graph of a regular graph, Path Pη, Cycle Cη, Complete Kη and Ladder graph Lη
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Name Topological Indices

Atom bond Connectivity Index [2] ABC(G) =
∑

xy∈E

√
κx + κy − 2

κxκy

Randic Index[3] RA(G) =
∑

xy∈E

√
1

κxκy

sum-Connectivity Index [4] χ(G) =
∑

xy∈E

√
1

κx + κy

Geometric Arithmetic Index[5] GA(G) =
∑

xy∈E
2
√
κxκy

κx + κy

Sombor Index [1] SO(G) =
∑

xy∈E
√
κx

2 + κy
2

First Zagreb Index [6] M1(G) =
∑

xy∈E κx + κy

Second Zagreb Index [6] M2(G) =
∑

xy∈E κxκy

First Gourava index [7] GO1(G) =
∑

xy∈E [(κx + κy) + κxκy]
second Gourava index [7] GO2(G) =

∑
xy∈E [(κx + κy)κxκy]

1. Topological indices of Line graph of Triangle graph of a regular
graph

Theorem 1.1. Let G be a κ - regular graph with vertex set V and edge set E con-
taining η and ζ elements respectively. Then the topological indices of L(R(G)) is
given by

(1) ABC(L(R(G))) = κζ

√
2 (3κ− 2)

κ (2κ− 1)
+
ζ
√

2 (2κ− 1)

2
+
(2κ2η − ζ(3κ+ 1))

√
2
√
4κ− 3

2 (2κ− 1)

(2) RA(L(R(G))) = κζ√
κ (2κ− 1)

+
ζ

2
+

2κ2η − ζ(3κ+ 1)

2 (2κ− 1)

(3) χ(L(R(G))) =
√
2κζ√

3κ− 1
+

ζ
√
κ

2
+

2κ2η − ζ(3κ+ 1)

2
√
2κ− 1

(4) GA(L(R(G))) =
4κζ

√
κ (2κ− 1)

3κ− 1
+ 2κ2η − 2κζ − ζ

(5) SO(L(R(G))) = 4κζ
√
5κ2 − 4κ+ 1+2

√
2 (κ2ζ + (2κ− 1)(2κ2η − ζ(3κ+ 1)))

(6) M1(L(R(G)) = 4κζ (4κ− 1) + 4 (2κ− 1) (2κ2η − ζ(3κ+ 1))
(7) M2(L(R(G))) = 8κ2ζ (2κ− 1) + 4κ3ζ + 4 (2κ2η − ζ(3κ+ 1)) (2κ− 1)2

(8) GO1(G) = 4κ [4κ (κη − ζ) (2κ− 1) + ζ (κ2 + 1)]
(9) GO2(L(R(G))) = 16κ2ζ (2κ− 1) (3κ− 1)+16κ4ζ+8 (2κ− 1) [2κ2η − ζ(3κ+ 1)]

Proof. Let G be a κ - regular graph with η vertices and ζ edges. Then the R(G)
has η+ζ vertices and 3ζ edges with η vertices of degree 2κ and ζ vertices of degree
2. So the graph L(R(G)) has 3ζ vertices and 2κ2η − ζ edges with 2ζ vertices of
degree 2κ and ζ vertices of degree 4κ− 2.
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The edge partition of L(R(G))
Degree of end vertices No. of edges

(2κ, 2κ) κζ
(4κ− 2, 2κ) 2κζ

(4κ− 2, 4κ− 2) 2κ2η − ζ(3κ+ 1)

ABC(L(R(G))) =
∑
xy∈E

√
κx + κy − 2

κxκy

= 2κζ

√
4κ− 2 + 2κ− 2

(2κ) (4κ− 2)
+ κζ

√
2κ+ 2κ− 2

(2κ) (2κ)
+

(
2κ2η − ζ(3κ+ 1)

)√4κ− 2 + 4κ− 2− 2

(4κ− 2) (4κ− 2)

= κζ

√
2 (3κ− 2)

κ (2κ− 1)
+

ζ
√

2 (2κ− 1)

2
+

(2κ2η − ζ(3κ+ 1))
√
2
√
4κ− 3

2 (2κ− 1)

RA(L(R(G))) =
∑
xy∈E

√
1

κxκy

= 2κζ

√
1

(2κ) (4κ− 2)
+ κζ

√
1

(2κ) (2κ)
+

(
2κ2η − ζ(3κ+ 1)

)√ 1

(4κ− 2) (4κ− 2)

=
κζ√

κ (2κ− 1)
+

ζ

2
+

2κ2η − ζ(3κ+ 1)

2 (2κ− 1)

χ(L(R(G))) =
∑
xy∈E

√
1

κx + κy

= 2κζ

√
1

(2κ) + (4κ− 2)
+ κζ

√
1

(2κ) + (2κ)
+

(
2κ2η − ζ(3κ+ 1)

)√ 1

(4κ− 2) + (4κ− 2)

=

√
2κζ√

3κ− 1
+

ζ
√
κ

2
+

2κ2η − ζ(3κ+ 1)

2
√
2κ− 1
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GA(L(R(G))) =
∑
xy∈E

2

√
κxκy

κx + κy

= (2κζ) 2

√
2κ (4κ− 2)

(2κ) + (4κ− 2)
+ 2κζ

√
(2κ) (2κ)

(2κ) + (2κ)
+

(
2κ2η − ζ(3κ+ 1)

)
2

√
(4κ− 2) (4κ− 2)

(4κ− 2) + (4κ− 2)

=
4κζ

√
κ (2κ− 1)

3κ− 1
+ 2κ2η − 2κζ − ζ

SO(L(R(G))) =
∑
xy∈E

√
κ2
x + κ2

y

= 2κζ

√
(2κ)2 + (4κ− 2)2 + κζ

√
(2κ)2 + (2κ)2

+
(
2κ2η − ζ(3κ+ 1)

)√
(4κ− 2)2 + (4κ− 2)2

= 4κζ
√
5κ2 − 4κ+ 1 + 2

√
2
(
κ2ζ + (2κ− 1)(2κ2η − ζ(3κ+ 1))

)
M1(L(R(G))) =

∑
xy∈E

κx + κy

= 2κζ (4κ− 2 + 2κ) + κζ (2κ+ 2κ)+(
2κ2η − ζ(3κ+ 1)

)
(4κ− 2 + 4κ− 2)

= 4κζ (4κ− 1) + 4 (2κ− 1)
(
2κ2η − ζ(3κ+ 1)

)
M2(L(R(G))) =

∑
xy∈E

κxκy

= 2κζ [(4κ− 2) (2κ)] + κζ [(2κ) (2κ)] +(
2κ2η − ζ(3κ+ 1)

)
[(4κ− 2) (4κ− 2)]

= 8κ2ζ (2κ− 1) + 4κ3ζ + 4
(
2κ2η − ζ(3κ+ 1)

)
(2κ− 1)2

GO1(L(R(G))) =
∑
xy∈E

[(κx + κy) + κxκy]

= 2κζ [(4κ− 2) + 2κ+ 2κ (4κ− 2)] + κζ
[
(2κ) + (2κ) + (2κ)2

]
+(

2κ2η − ζ(3κ+ 1)
) [

(4κ− 2) + (4κ− 2) + (4κ− 2)2
]

= 4κ
[
4κ (κη − ζ) (2κ− 1) + ζ

(
κ2 + 1

)]
GO2(L(R(G))) =

∑
xy∈E

κxκy (κx + κy)

= 2κζ
[
(4κ− 2)2 (2κ) + (4κ− 2) (2κ)2

]
+ κζ

[
(2κ)(2κ)2 + (2κ)2(2κ)

]
+(

2κ2η − ζ(3κ+ 1)
) [

(4κ− 2)(4κ− 2)2 + (4κ− 2)2(4κ− 2)
]

= 16κ2ζ (2κ− 1) (3κ− 1) + 16κ4ζ + 8 (2κ− 1)
[
2κ2η − ζ(3κ+ 1)

]
□
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2. Topological indices of L(R(Pη))

Theorem 2.1. Let Pη be a path with η vertices . Then the topological indices of
L(R(Pη)) is given by

(1) ABC(L(R(Pη))) =
1

6

[
12
√
2 + 3

√
6 (2η − 1) + 4

√
3 (2η − 5) +

√
10 (η − 4)

]
(2) RA(L(R(Pη))) =

1

12

[
3
√
2 + 3 (2η − 1) + 2

√
6 (2η − 5) + 2 (η − 4)

]
(3) χ(L(R(Pη))) =

1

30

[
20
√
6 + 30

√
2 (2η − 1) + 6

√
10 (2η − 5) + 5

√
3 (η − 4)

]
(4) GA(L(R(Pη))) =

1

15

[
80
√
3 + 30

√
2 (2η − 1) + 24

√
15 (2η − 5) + 30

√
3 (η − 4)

]
(5) SO(L(R(Pη))) = η

(
14
√
2 + 8

√
13
)
+ 8

√
5− 28

√
2− 20

√
13

(6) M1(L(R(Pη)) == 4 (17η − 33)
(7) M2(L(R(Pη))) = 4 (41η − 92)
(8) GO1(L(R(Pη))) = 4 (58η − 125)
(9) GO2(L(R(Pη))) = 16 (73η − 254)

e1 e2
V1 V2 V3

Figure 1. P3

e1e1 e2

a11 a12 a21 a22

V1 V2 V3

a1 a2

Figure 2. R (P3)

e1 e2

a11 a12 a21 a22

Figure 3. L(R(P3))

Proof. Let Pη be a path with η vertices. Then R(Pη) has 2η − 1 vertices and
3(η − 1) edges. Therefore L(R(Pη)) has 3(η − 1) vertices and 7η − 11 edges.

The edge partition of L(R(Pη))
Degree of end vertices No. of edges

(2, 2) 4
(4, 4) 2η − 1
(4, 6) 4η − 10
(6, 6) η − 4
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ABC(L(R(Pη))) = 4

√
2 + 4− 2

(2) (4)
+ (2η − 1)

√
4 + 4− 2

(4) (4)
+ (4η − 10)

√
4 + 6− 2

(4) (6)

+ (η − 4)

√
6 + 6− 2

(6) (6)

=
1

6

[
12
√
2 + 3

√
6 (2η − 1) + 4

√
3 (2η − 5) +

√
10 (η − 4)

]
RA(L(R(Pη))) = 4

√
1

(2) (4)
+ (2η − 1)

√
1

(4) (4)
+ (4η − 10)

√
1

(4) (6)
+ (η − 4)

√
1

(6) (6)

=
1

12

[
3
√
2 + 3 (2η − 1) + 2

√
6 (2η − 5) + 2 (η − 4)

]
χ(L(R(Pη))) = 4

√
1

2 + 4
+ (2η − 1)

√
1

4 + 4
+ (4η − 10)

√
1

4 + 6
+ (η − 4)

√
1

6 + 6

=
1

30

[
20
√
6 + 30

√
2 (2η − 1) + 6

√
10 (2η − 5) + 5

√
3 (η − 4)

]
GA(L(R(Pη))) = 4(2)

√
(2) (4)

2 + 4
+ (2η − 1) (2)

√
(4) (4)

4 + 4
+ (4η − 10) (2)

√
(4) (6)

4 + 6

+ (η − 4) (2)

√
(6) (6)

6 + 6

=
1

15

[
80
√
3 + 30

√
2 (2η − 1) + 24

√
15 (2η − 5) + 30

√
3 (η − 4)

]
SO(L(R(Pη))) = 4

√
22 + 42 + (2η − 1)

√
42 + 42 + (4η − 10)

√
42 + 62 + (η − 4)

√
62 + 62

= η
(
14
√
2 + 8

√
13
)
+ 8

√
5− 28

√
2− 20

√
13

M1(L(R(Pη))) = 4 (2 + 4) + (2η − 1) (4 + 4) + (4η − 10) (4 + 6) + (η − 4) (6 + 6)

= 4 (17η − 33)
M2(L(R(Pη))) = 4 (2.4) + (2η − 1) (4.4) + (4η − 10) (4.6) + (η − 4) (6.6)

= 4 (41η − 92)
GO1(L(R(Pη))) = 4 (2 + 4 + 2.4) + (2η − 1) (4 + 4 + 4.4) + (4η − 10) (4 + 6 + 4.6)

+ (η − 4) (6 + 6 + 6.6))

= 4 (58η − 125)
GO2(L(R(Pη))) = 4 (2.4) (2 + 4) + (2η − 1) (4.4) (4 + 4) + (4η − 10) (4.6) (4 + 6)

+ (η − 4) (6.6) (6 + 6)

= 16 (73η − 254)
□

3. Topological indices of L(R(Cη))

Theorem 3.1. Let Cη be a cycle with η vertices . Then the topological indices of
L(R(Cη)) is given by
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(1) ABC(L(R(Cη))) =
η

6

(
3
√
6 + 8

√
3 +

√
10
)

(2) RA(L(R(Cη))) =
η

3

(
2 +

√
6
)

(3) χ(L(R(Cη))) =
η

30

(
30
√
2 + 12

√
10 + 5

√
3
)

(4) GA(L(R(Cη))) = η
(
4
√
2 + 16

√
15 + 2

√
3
)

(5) SO(L(R(Pη))) = η
(
14
√
2 + 8

√
13
)

(6) M1(L(R(Cη)) = 68η

(7) M2(L(R(Cη))) = 164η

(8) GO1(L(R(Cη))) = 232η

(9) GO2(L(R(Cη))) = 1648η

e1

e2

e3

e4

a11 a12

a21

a22

a31a32

a41

a42

V1 V2

V3V4

a1

a2

a3

a4

Figure 4. R (C4)

e1 e2

e3e4

a11

a12 a21

a22

a31

a32a41

a42

Figure 5. L(R(C4))
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Proof. Let Cη be a cycle with η vertices. Then R(Cη) has 2η vertices and 3η edges.
Therefore L(R(Cη)) has 3η vertices and 7η edges.

The edge partition of L(R(Cη))
Degree of end vertices No. of edges

(4, 4) 2η
(4, 4) 4η
(6, 6) η

The proof is similar as above.
□

4. Topological indices of L(R(Kη))

Theorem 4.1. Let Kη be a complete with η vertices . Then the topological indices
of L(R(Kη)) is given by

(1) ABC(L(R(Kη))) = ηC2

[√
4η − 6

2
+

√
2 (3η − 5) (η − 1)

(2η − 3)
+

η − 2

(2η − 3)

√
2 (4η − 7)

]
(2) RA(L(R(Kη))) = ηC2

[
1

2
+

√
η − 1

2η − 3
+

η − 2

2 (η − 3)

]
(3) χ(L(R(Kη))) = ηC2

[√
η − 1

2
+

√
2 (η − 1)√
(3η − 4)

+
η − 2√
(2η − 3)

]
(4) GA(L(R(Kη))) = 2(ηC2)

[
2η − 3

2
+ 2

η − 1

3η − 4

√
(η − 1) (η − 3)

]
(5) SO(L(R(Kη))) = (2

√
2)ηC2

[
(3η2 − 9η + 7) +

√
2 (η − 1)

√
5η2 − 14η + 10

]
(6) M1(L(R(Kη)) = 4(ηC2) (6η

2 − 16η + 11)

(7) M2(L(R(Kη))) = 4(ηC2) (9η
3 − 37η2 + 52η − 25)

(8) GO1(L(R(Kη))) = 4 (η − 1) (ηC2) (9η
2 − 22η + 14)

(9) GO2(L(R(Kη))) = 16(ηC2) (15η
4 − 85η3 + 184η2 − 168η + 67)

Proof. Let Kη be a complete graph with η vertices. Then R(Kη) has η + ηC2 ver-
tices and 3(ηC2) edges. Therefore L(R(Kη)) has 3(ηC2) vertices and ηC2(4η − 5)
edges

The edge partition of L(R(Kη))
Degree of end vertices No. of edges

(2η − 2, 2η − 2) (η − 1) ηC2

(2η − 2, 4η − 6) 2 (η − 1) ηC2

(4η − 6, 4η − 6) (η − 2) ηC2
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The proof is similar as above.
□

5. Topological indices of L(R(Lη))

Theorem 5.1. Let Lη be a Ladder graph. Then the topological indices of L(R(Lη))
is given by

(1)

ABC(L(R(Lη))) =η

[
3
√
10

2
+

3
√
210

5
+

9
√
2

5

]
+ 8 + 3

√
6+

4
√
3 +

18
√
5

5
− 10

√
10

3
− 8

√
210

5
− 6

√
2.

(2) RA(L(R(Lη))) =
η

10

[
6
√
15 + 21

]
+
√
2 +

4

3

√
3 +

2

5

√
5 +

√
6− 8

5

√
15− 23

6
.

(3) χ(L(R(Lη))) =

√
5η

10

[
6 + 9

√
5 + 3

√
15
]
+

17

6

√
2 +

6

5

√
10 +

8

7

√
14− 2

√
3− 2

√
5− 12.

(4)
GA(L(R(Lη))) =

3η

2

[
10 + 3

√
5
]
+

16

3

√
2 +

64

7

√
3 +

32

9

√
5

+
24

5

√
6− 12

√
15− 37.

(5) SO(L(R(Lη))) = 6η
[
19
√
2 + 6

√
34
]
+8

[
4
√
5 + 3

√
13 + 2

√
41− 12

√
34− 56

√
2
]

(6) M1(L(R(Lη)) = 4η (129η − 204)

(7) M2(L(R(Lη))) = 4η (501η − 888)

(8) GO1(L(R(Lη))) = 8 (315η − 313)

(9) GO2(L(R(Lη))) = 16 (2073η − 4108)

Proof. The ladder graph Lη has 2η vertices and 3η − 2 edges.Thus R(Lη) has
5η − 2 vertices and 3(3η − 2) edges. Therefore L(R(Lη)) has 3(3η − 2) vertices
and 33η − 38 edges.

The edge partition of L(R(Lη))
Degree of end vertices No. of edges

(4, 4) 6
(4, 6) 12
(4, 8) 8
(6, 6) 9η − 20
(6, 8) 16
(6, 10) 18η − 48
(8, 10) 8
(10, 10) (6η − 20)
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e1 e2 e3

e4e5e6

a11 a12a21 a22a31 a32

a61 a62a51 a52a41 a42

e7

a71

a72
e8

a81

a82
e9

a91

a92
e10

a101

a102

Figure 6. R (L4)

e1 e2

e3

e4e5e6

a1 a2 a3 a4

e11 e12 e21 e22 e31 e32

e61 e62 e51 e52 e41 e42

a11

a12

a21

a22

a31

a32

a41

a42

Figure 7. L(R(L4))

The proof is similar as above.
□

6. Conclusion

To sum up we have calculated certain topological indices like Atom bond Con-
nectivity index, Randic index, sum connectivity index, Geometric Arithmetic
index, Sombor Index, First Zagreb index,Second Zagreb index, First Gourava in-
dex, Second Gourava index of Line graph of R(G) in this paper. Computation of
topological indices of chemical structures is still a scope open for future studies
which help in QSPR or QSAR analysis.
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4. Zhou, B., and Trinajstić, N. (2009). On a novel connectivity index. Journal of mathematical
chemistry, 46, 1252-1270.
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